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Preliminaries

X0 ∼ µ⇒ Xt = Tt(X0) ∼ µ ◦ T−1t .

µ is (Tt)−invariant if:

µ(T−1t (E )) = µ(E ), ∀t > 0, ∀E ∈ B(X )

Why Gaussian measure in a separable Banach X?

Uniquely defined by its
Mean m :

〈x∗,m〉 =

∫
X
〈x∗, x〉dµ(x),

and its covariance operator Rµ : X ∗ → X

〈y∗,Rµx∗〉 =

∫
X
〈x∗, z〉 〈y∗, z〉 dµ(z), for every x∗, y∗ in X ∗
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Invariance∼ Generator! Question raised by R. Rudnicki

Theorem

(EL M 2015) A centred Gaussian measure µ, on X with covariance
operator Rµ, is invariant if and only if ARµ + RµA

∗ = 0 holds on D(A∗).

Proof.

Assume µ invariant, Rµ = T (t)RµT
∗(t), for all t ≥ 0, and let x∗ ∈ D(A∗).

lim
t→0
〈1
t

(T ∗(t)− I )x∗, x〉 = 〈A∗x∗, x〉, for all x ∈ X .

By uniform boundednes principle (1t (T ∗(t)− I )x∗)0<t<1 is bounded in X ∗.

(∀(tn)→ 0)
1

tn
(T (tn)Rµx

∗ − Rµx
∗) =

1

tn
(T (tn)Rµx

∗ − T (tn)RµT
∗(tn)x∗),

=
1

tn
T (tn)Rµ(x∗ − T ∗(tn)x∗).
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Proof

Rµ : X ∗ → X compact:
∃(tnk ) (Rµ

1
tnk

(x∗ − T ∗(tnk )x∗))k → w .

Claim: w = −RµA∗x∗,
For y∗ arbitrarily in X ∗. Write

〈y∗,w〉 = lim
k→∞
〈y∗,Rµ

1

tnk
(x∗ − T ∗(tnk )x∗)〉,

= lim
k→∞
〈 1

tnk
(x∗ − T ∗(tnk )x∗),Rµy

∗〉,

= 〈−A∗x∗,Rµy∗〉,
= 〈y∗,−RµA∗x∗〉.

We deduce that,

∀(tn)→ 0, ∃(tnk ) lim
k

1

tnk
(T (tnk )Rµx

∗ − Rµx
∗) = −RµA∗x∗

Finally, Rµx
∗ ∈ D(A) and ARµx

∗ = −RµA∗x∗.
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The Converse’s Proof

Let t > 0, h 6= 0 and x∗ ∈ D(A∗). We have

1

h
(Tt+hRµT

∗
t+hx

∗ − TtRµT
∗
t x
∗) = Tt+hRµ

1

h
[T ∗t+h − T ∗t ]x∗,

+
1

h
[Tt+h − Tt ]RµT

∗
t x
∗.

The first term converges to TtRµA
∗T ∗t x

∗ (Compactness again!.)
The second term converges to TtARµT

∗
t x
∗.

we obtain

lim
h→0

1

h
(T (t+h)RµT

∗(t+h)x∗−T (t)RµT
∗(t)x∗)=T (t)[RµA

∗+ARµ]T ∗x∗ = 0.

Hence for all t > 0,

T (t)RµT
∗(t) = Rµ, on, D(A∗).
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Converse’s Proof

To conclude:
For all y∗ ∈ X ∗,

〈·,Rµy∗〉 = 〈·,T (t)RµT
∗(t)y∗〉,

on the weak∗-dense subspace D(A∗).
The two mapping are weak∗-continuous
Thus,

Rµy
∗ = T (t)RµT

∗(t)y∗

holds for all y∗ ∈ X ∗.
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Mixing in Lp(Ω, dσ) (joint work with K.Latrach(DIE
2013))

(Ω,B, σ) σ-finite measure space, and let X := Lp(Ω, dσ), 1 ≤ p < +∞.
Assume that X is separable, and A is the generator of a C0-semigroup
T (·) on X . Discrete case(F. Bayart and É. Matheron, Dynamics of linear
operators, Cambridge Tracts in Maths vol 179, (2009).)

Theorem

Assume σp(A) ∩ iR ⊂ i(ω1, ω2) for some ω1 and ω2 , and there is a
measurable function u : (ω1, ω2) 7→ X satisfying the following conditions:

(i) us := u(s) ∈ ker(is − A) for a.e. s ∈ (ω1, ω2),

(ii) (
∫ ω2

ω1
| us(·) |2 ds)

1
2 = v(·) ∈ Lp(Ω),

(iii) span{us , s ∈ (ω1, ω2) \ N} is dense in X for every subset N with
zero Lebesgue measure.

Then there exists an invariant Gaussian measure ν, such that supp(ν) = X
with respect to which T (·) is strong mixing.
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Mixing Translation in Lp(I , ρ(x)dx)

T (t)f (x) = f (x + t), x ∈ I , t ≥ 0

Proposition

If
∫
I ρ(x)dx <∞, then there exists an invariant Gaussian measure with full

support with respect to which T (·) is strong mixing.
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abnormal cell division model

{
∂u(t,x)
∂t = −∂(xu(t,x))

∂x + γ(x)u(t, x)− β(x)u(t, x) + 4β(2x) u(t, 2x) χ(0, 1
2
)(x),

u(0, ·) = φ ∈ L1(0, 1).

v(y) = u(e−y , y > 0){
∂v(t,y)
∂t = ey ∂(e

−yv(t,y))
∂y + γv(t, y)− βv(t, y) + 4β v(t, y − ln 2) χ(ln 2,∞)(y) =: Av(y),

v(0, ·) = ψ ∈ L1((0,∞), e−ydy),

Underγ − 3β > 0, 0 ≤ β ≤ 1
2 The solution is chaotic + existence of a

strongly mixing non degenerate Gaussian measure.
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Thank you for your attention
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